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Abstract—Drive modes are driver-selectable pre-set config-
urations of powertrain and certain vehicle parameters. Plug-
in hybrid electric vehicles (PHEVs) typically feature special
options of drive modes that can affect the hybrid energy
source management system, for example, electric vehicle (EV)
mode (that draws fully on battery) and charge sustaining (CS)
mode (that utilizes internal combustion engine to charge battery
while propelling the vehicle). This paper studies an optimization
problem to enable the driver to select the appropriate drive modes
for fuel minimization. We develop optimization algorithms that
optimize the decisions of drive modes based on trip information,
and integrated with path planning to find an optimal path,
considering intermediate filling and charging stations. We further
provide an online algorithm that is based on the revealed
trip information. We evaluate our algorithms empirically on a
Chevrolet Volt, which shows significant fuel savings.
Index Terms—Energy-efficient transportation, plug-in hybrid
electric vehicles, fuel optimization
I. INTRODUCTION
Modern vehicles are provided with a plethora of configu-
ration options. Drive modes are a set of pre-set profiles of
configurations of powertrain and other vehicle parameters that
are selectable by drivers during driving. For example, Sport
mode maximizes the engine performance by allowing larger
horsepower, whereas ECO mode suppresses the vehicle per-
formance by constraining acceleration and throttle response.
In this paper, we consider the drive modes specifically in
plug-in hybrid electric vehicles (PHEVs). PHEVs are equipped
with rechargeable batteries and electrical machines (which
double as electric motors and generators), as well as con-
ventional internal combustion engines. PHEVs are benefited
by the convenience of fuel refilling and cheap electrical
energy. In addition to regenerative braking and electric-motor-
assisted engine stop/start, PHEVs can harness the diversity of
energy efficiency of electric motors and combustion engines
by optimizing the hybrid energy sources.
There are special drive modes in PHEVs that can affect
the hybrid energy source management system. For example,
Electric Vehicle (EV) mode allows the PHEV to draw solely
on battery without relying on internal combustion engine, and
Charge Sustaining (CS) mode utilizes internal combustion
engine to charge battery and propel the PHEV simultaneously.
Many prior results [1]–[3] in energy management consider
the internal optimization processes of PHEVs, which assume
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complete controls of all system components of a PHEV (see
Sec. III). As a departure from prior work, this paper focuses
on a driver-centric approach to let the driver to select the
appropriate drive modes while driving.
In this paper, we consider general optimization problems of
drive modes for fuel minimization in the following settings:
• Route-based Drive Mode Optimization: Given the trip
information for a particular route (e.g., a forecast of
vehicle speed profile), we find an optimal solution of
drive mode decisions for each segment of the trip.
• Online Drive Mode Optimization: The decisions of
drive modes are made in an online fashion, based on only
the revealed trip information over time.
• Integrated Drive Mode Optimization and Path Plan-
ning: Given the source and destination of a trip, we find
an optimal path with a solution of drive mode decisions,
taking into account various fuel prices at intermediate
filling stations and the availability of battery charging.
In Sec. IV, we formulate the preceding problem by an
integer programming problem, which captures several practical
aspects of PHEVs (e.g., multi-mode transmission, and vehicle
speed dependency in combustion engine management). In
Sec. V, we devise effective algorithms for solving these
drive mode optimization problems. We also provide a fast
approximation algorithm that can scale with large problem
sizes. To demonstrate the practical value of our results, we
evaluate our algorithms empirically on a Chevrolet Volt in
Sec. VIII. Validated by real-world data, we observe that our
system can provide a significant improvement in fuel savings.
We also discuss several practical issues in Sec. IX.
The future vehicle platforms will be likely to support third-
party applications. Thus, our system can be loaded as a
software application on the vehicle for automatic drive mode
decisions, even without explicitly relying on drivers’ inputs.
II. BACKGROUND
The powertrain mechanics of PHEVs can be classified as
series hybrids, parallel hybrids, and series/parallel hybrids.
In series hybrids, the internal combustion engine is always
connected to the generator to charge the battery. The drivetrain
is only powered directly by electric motor. Once the state-of-
charge (SoC) of battery becomes low, the internal combustion
engine will start to charge the battery. In parallel hybrids, the
combustion engine and electric motors can operate in tandem
to power the drivetrain. There is a power split system to com-
bine the parallel power sources, and a possible clutch to enable
the combustion engine to charge battery and propel the vehicle
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simultaneously. In series/parallel hybrids, a combination of
planetary gear trains allows flexible power split between the
combustion engine and a number of electric motors.
Despite the differences of powertrain mechanics, the internal
operations of PHEVs are often transparent to drivers. There are
automatic systems to manage the transmission gear, powertrain
and hybrid energy sources. Given the steering and pedal
control status, the automatic system controls the torque, rpm
of combustion engine1, transmission gears, output power of
battery, etc., to match the load of drivetrain accordingly [1],
[2]. Although the low-level mechanics are not controllable by
drivers, typical vehicles are usually customizable by setting
certain high-level drive modes. We survey the available drive
modes in several production PHEV models that can affect the
behavior of hybrid energy management system in Table I.
TABLE I
EXAMPLES OF DRIVE MODES IN PRODUCTION PHEVS.
Vehicle Model Drive Mode Description
Chevrolet Volt
(model 2011-2015)
Normal
Draw only on battery until SoC drops
to 22%. Then, use combustion engine to
charge battery and propel vehicle.
Mountain Same as Normal mode, but draw only onbattery until SoC drops to 45%.
Hold Use combustion engine to maintain thecurrent SoC.
Toyota Prius Plug-in
(model 2012-2015)
Normal Use both combustion engine and electricmotor to propel vehicle.
EV Always draw on battery, if there is suffi-cient SoC and within EV mode speed limit.
Ford Fusion Energi
(model 2014-2015)
EV Now Draw on battery entirely, if there is suffi-cient SoC.
EV Auto Use both combustion engine and electricmotor, depending on vehicle speed.
EV Later Conserve battery by mostly using combus-tion engine, which also charge battery.
Since there are a variety of model-specific drive modes,
this paper aims to present a study as general as possible and
to be extensible to future models. Rather than considering
model-specific drive modes, we consider four generic drive
modes: (1) Electric Vehicle (EV) mode that draws solely on
battery, (2) Combustion Engine (CE) mode that relies solely on
internal combustion engine, (3) Charge Sustaining (CS) mode
that utilizes internal combustion engine to charge battery and
propel the vehicle, and (4) Aggregate Power (AP) mode that
combines both electric motor and internal combustion engine
to propel the vehicle. In Sec. IV, we formulate a general
optimization problem of generic drive mode decisions. We
remark that our problem is sufficiently general to capture a
variety of existing PHEV models. We will discuss the mapping
from the model-specific drive modes to generic drive modes,
and validate our model for Chevrolet Volt empirically.
1In practical PHEV systems, the rpm of combustion engine is normally
related to the vehicle speed, even for series hybrids in which the combustion
engine is not directly connected to the drivetrain. Apparently, there is a safety
hazard for the combustion engine operating in a high speed, when the vehicle
is stationary. Also, production PHEVs often use a variable number of electric
motors/generators conditional on the vehicle speed. In high speed, more than
one electric motor may be used.
III. RELATED WORK
There is a body of work about optimizing energy man-
agement systems for PHEVs. For example, [1] uses heuristic
control strategy to optimize energy consumption for given
torque and speed. A similar concept relying on rule-based
management policies has been presented in [2]. [4] consid-
ers continuous-time optimization control of hybrid energy
sources. Some studies focus on sub-optimal solutions that
can be computed faster than dynamic programming [5] [6].
These prior results often assume complete controls of internal
energy management system in PHEVs, and are mostly based
on simulations. Our work considers limited control by only
selecting the drive modes available in the PHEVs, and we
evaluate the results on a real-world PHEV. The models of
PHEVs and experimental validations were studied in [7], [8].
This papers utilizes the estimated information of vehicles.
Participatory sensing can provide data with good geographic
penetrations [9]. Our previous work employs participatory
sensing for distance-to-empty prediction [10]–[12].
There are prior papers about online energy management
strategies for PHEVs. For example, [3] utilizes nonlinear
optimization for parallel and serial HEVs. However, this
paper considers competitive online algorithms [13] that can
provide proven worst-case guarantees from the offline optimal
solutions. The path planning problem considering various gas
prices at filling stations has been studied in [14]. However,
this paper considers a more general path planning problem
with energy management strategies for PHEVs. This paper
extends substantially the preliminary results in [15]. We now
provide approximation solution to path planning and extend
the online algorithm to consider four generic drive modes.
IV. MODEL AND PROBLEM FORMULATION
TABLE II
KEY NOTATIONS
Notation Definition
Bt The state-of-charge of the battery at time t.
Gt The fuel tank level at time t.
Pt The power of drivetrain of PHEV at time t.
st The power from battery to electric motor at time t.
rt The power from generator to charge the battery at time t.
ηrt ,η
d
t The charging and discharging efficiency coefficients at time t.
Qt The output power from combustion engine at time t.
F (·) A function maps the output power to the required amount of fuel.
f The per-unit cost of F (·), f(Q) , F (Q)
Q
.
ut The power from engine to charge the battery at time t.
ηet The charging efficiency coefficient by combustion engine at time t.
Ct The maximum available power to charge battery
from combustion engine at time t.
βt The maximum portion of power contributed by electric motor at time t.
Our goal is to develop a systematic study for drive mode
decisions, based on a generic vehicle model characterized by
parameters using measurements or standard vehicle informa-
tion. We consider a semi-blackbox model of PHEV that is
abstracted away from the underlying vehicle control systems.
A table of key notations is given in Table II.
This paper considers a discrete-time setting from time slot
t = 1 to t = T , where the inputs within one time slot are
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assumed to be quasi-static. Let Gt be the fuel tank level and
Bt be the SoC of the PHEV at time t. G0 and B0 are the
initial fuel tank level and SoC respectively.
Define the driving profile be (vt, αt)Tt=1, where vt is the
vehicle speed and αt is the gradient of road at time t. The
driving profile can be obtained by prediction using historic
data, or crowd-sourced data collection [9]–[12], [16]. Note
that vt is non-negative for all t. We assume that the energy
consumption of PHEV is solely characterized by the driving
profile, for example, under moderate weather and traffic con-
ditions. Let the acceleration be at , vt − vt-1. The load of
drivetrain of a generic vehicle [17], [18] is given by
Pt =
ρakdAfv
3
t
2 + mg sin(αt)vt + mgkrvt + mvtat + c0 (1)
where m is the vehicle weight, g is the gravitational constant,
ρa is the density of air, Af is the frontal area of the vehicle,
kd is aerodynamic drag coefficient of the vehicle, kr is the
rolling friction coefficient, and c0 is the default load (e.g., due
to air-conditioning). These parameters can be obtained from
standard vehicle information or simple measurement.
Note that Pt can be positive or negative (possibly due to
negative at). Let P+t = max{Pt, 0} and P−t = −min{Pt, 0}.
P−t represents the power captured by regenerative breaking.
In the following subsections, we describe the four generic
drive modes (EV, CE, CS, AP modes), as illustrated in Fig. 1.
These generic drive modes provide abstract representations of
the model-specific drive modes in PHEVs.
A. Electric Vehicle (EV) Mode
In EV mode (also called charge depleting mode), the
PHEV is only powered by battery, which is also charged by
regenerative braking when decelerating or stopping. Let [B,B]
be the allowable range of SoC to operate in EV mode. Let st
be the power from battery to electric motor (when P+t ≥ 0),
and rt be the power from generator to charge the battery (when
P−t ≥ 0). If B ≤ Bt-1 ≤ B, then the SoC is given by
Bt = Bt-1 + ηrtrt − ηdt st (2)
subject to B ≤ Bt ≤ B, rt ≤ P−t and st = P+t . Parameters
ηrt ≤ 1 and ηdt ≥ 1 denote the charging and discharging
efficiency coefficients. Note that ηrt and η
d
t are time-variable
2,
because there may be a variable number of generators/motors
to be utilized in the PHEV, depending on the driving profile
(as observed in production PHEVs such as Chevrolet Volt).
Note that regenerative braking incurs no fuel cost. Hence,
Eqn. (2) and the constraints are equivalent to setting
st = min{P+t , Bt-1−Bηdt }, rt = min{P
−
t ,
B−Bt-1
ηrt
} (3)
B. Combustion Engine (CE) Mode
In CE mode, the PHEV is only powered by internal com-
bustion engine. Let the output power from combustion engine
at time t be Qt. The fuel tank level is given by
Gt = Gt-1 − F (Qt), where Qt = P+t (4)
2The efficiency coefficients are often assumed time-invariant in previous
work (e.g., [1]–[3]).
subject to Gt ≥ 0. F (·) is an increasing convex function that
maps the output power to the required amount of fuel.
We also allow the battery to be charged by regenerative
braking, if possible. The SoC is given by
Bt = Bt-1 + ηrtrt (5)
subject to Bt ≤ B and rt ≤ P−t . This implies that rt =
min{P−t , B−Bt-1ηrt }.
C. Charge Sustaining (CS) Mode
In CS mode, the internal combustion engine is used to
propel the vehicle and charge the battery simultaneously. Let
ut be the power from engine to charge the battery at time t.
The fuel tank level is given by
Gt = Gt-1 − F (Qt), where Qt = P+t + ut (6)
subject to Gt ≥ 0. The SoC is given by
Bt = Bt-1 + ηrtrt + η
e
tut (7)
subject to Bt ≤ B, rt ≤ P−t , and ut ≤ Ct. ηet ≤ 1 denotes
the charging efficiency coefficient by combustion engine. In
this paper, we allow possibly different generators used by
regenerative braking and combustion engine (as observed in
Chevrolet Volt). Ct is the maximum available power to charge
battery from combustion engine at time t.
Fig. 1. System models of four generic drive modes.
Note that practical control system in PHEVs (e.g., Chevrolet
Volt) may set the rpm of combustion engine related to vehicle
speed. Ct captures the limitation of available power from
combustion engine depending on vehicle speed at time t.
We assume that the energy management system in PHEV
attempts to charge battery up to Ct whenever possible. Then,
Eqns. (6)-(7) and the constraints are equivalent to setting
rt = min{P−t , B−Bt-1ηrt }, ut = min{Ct,
B−Bt-1−ηrtrt
ηet
}
D. Aggregate Power (AP) Mode
In AP mode, the PHEV is propelled by internal combustion
engine and electric motor (that is powered by battery) together.
The SoC is given by
Bt = Bt-1 + ηrtrt − ηdt st (8)
subject to B ≤ Bt ≤ B, rt ≤ P−t and st ≤ βtP+t . βt ≤ 1 is
the maximum portion of power contributed by electric motor
3
to drivetrain. In this paper, we allow a variable number of
generators/motors to be utilized in the PHEV, conditional on
the driving profile, which can induce a variable portion of
power split by electric motor and combustion engine over time.
The fuel tank level is given by
Gt = Gt-1 − F (Qt), where Qt = P+t − st (9)
subject to Gt ≥ 0. We assume that the energy management
system in PHEV attempts to use electric motor to power the
drivetrain by βtP+t whenever possible. Then, Eqns. (8)-(9) and
the constraints are equivalent to setting
st = min{βtP+t , Bt-1−Bηdt }, rt = min{P
−
t ,
B−Bt-1
ηrt
}
Note that our model is abstracted away from the underlying
mechanics, like automatic transmission, powertrain control,
etc. But the parameters ηrt , η
d
t , η
e
t , Ct, βt are sufficiently gen-
eral to capture the effects of the underlying mechanics.
E. Mapping to Generic Drive Modes
We next discuss the mapping from model-specific drive
modes to generic drive modes. Chevrolet Volt has four drive
modes: Normal, Sport, Mountain and Hold. We consider EV
and CS modes only, and SoC lies in the ranges [22%, 45%].
To trigger EV mode, one can enter Normal mode. To trigger
CS mode, one can enter Mountain mode. If SoC is higher than
45%, only EV mode is allowed. If SoC is lower than 22%,
only CS mode is allowed.
Toyota Prius Plug-in provides four drive modes: ECO,
Normal, Power and EV. EV mode is present. Normal mode
may be mapped to CS or CE modes, whereas Power mode
may be mapped to AP or CE modes. Ford Fusion Energi
offers three drive modes: EV Now, EV Auto and EV Later.
EV mode is present. EV Auto mode may be mapped to AP
mode, whereas EV later mode may be mapped to CS mode.
The mapping of model-specific drive modes to generic drive
modes can be validated by empirical studies. In this paper, we
validate our model particularly for Chevrolet Volt in Sec. VIII.
F. Drive Mode Optimization Problem
Let xevt , x
ce
t , x
cs
t , x
ap
t be the binary decision variables
indicating if EV, CE, CS, and AP modes are enabled at
time t, respectively. Let xt , (xevt , xcet , xcst , xapt ). We for-
mulate a fuel minimization problem of drive mode decisions
by integer programming problem (DMOP), given a driving
profile (vt, αt)Tt=1, initial SoC B0 and fuel tank level G0. The
objective of DMOP is to minimize the total cost: Cost(T ) ,
G0 −GT .
Note that DMOP does not always have a feasible solution,
for example, when there is insufficient fuel. Also, if a drive
mode is not present, we can disable a certain drive mode
in DMOP by adding an additional zero constraint to the
respective drive mode. For example, to disable AP mode, we
set xapt = 0 for all t. In particular, we denote by DMOP
ev
cs
that has only EV and CS modes, without CE and AP modes,
which can model series hybrid Chevrolet Volt.
V. OFFLINE SOLUTION
A. Exact Solution by Dynamic Programming
This section provides offline solutions to solve DMOP. Our
exact solution is based on dynamic programming.
Consider a sub-problem (DMOP[Bt-1, Bt, t]) at time t,
given the previous SoC Bt-1 and intended current SoC Bt:
(DMOP[Bt, Bt-1, t]) min
xt
F (Qt)
subject to Cons. (11)-(18)
Note that given a fixed drive mode (xt), DMOP[Bt, Bt-1, t]
can be solved straightforwardly. Hence, DMOP[Bt, Bt-1, t]
can be solved by selecting the minimum-cost solution among
the four drive modes. Let Solve
[
DMOP[Bt, Bt-1, t]
]
be the
minimum-cost solution, denoted by (Qt, xt). If there is no
feasible solution, Solve
[
DMOP[Bt, Bt-1, t]
]
returns infinite
cost Qt. Assuming the range [B,B] is divided into a set
of discrete levels, such that we can enumerate each possible
level. A dynamic programming approach is presented in Algo-
rithm DMOP.DP. A similar approach can be applied to DMOP
with absent drive modes (e.g., DMOPevcs ) by restricting each
DMOP[Bt, Bt-1, t] to only the available drive modes.
Theorem 1: Algorithm DMOP.DP provides an optimal solu-
tion for DMOP with pseudo-polynomial running time3. The
proof can be found in the Appendix.
B. Approximation Solution by Convex Relaxation
DMOP is a non-convex problem, even if we relax the
integrality Cons. (18), because of Cons. (14)-(16). Thus, we
define a convexified problem (CDMOP) in the following way:
1) We replace Cons. (14)-(16) by simple upper bounds in
Cons. (23)-(25). Cons. (22) can ensure (rt, st, ut) in
CDMOP are not larger than those in DMOP.
2) We add a constraint (xevt P
+
t ≤ st) to ensure the load to
be entirely satisfied by electric motor in EV mode.
3) We relax the decision variables (xevt , x
ce
t , x
cs
t , x
ap
t ) to be
fractions between 0 and 1 in Cons. (27).
By rounding the largest fractional variable among (xevt , x
ce
t ,
xcst , x
ap
t ) up to one and other smaller variables down to zero
(subject to the respective feasibility constrain of each mode),
this provides a fast approximation solution to solve DMOP.
VI. ONLINE SOLUTION
We present an online algorithm (Algorithm Online) for
DMOP that does not require the future driving profile, but
only the current vehicle state. Let the inputs of DMOP be
(σt)
T
t=1 = (Pt, η
r
t , η
d
t , η
e
t , Ct, βt)
T
t=1. DMOP can be solved
optimally, when all inputs σ are given in advance. However,
σ is revealed gradually over time in practice, which requires
decision-making without future information.
An algorithm is called online, if the decision at the cur-
rent time only depends on the information before or at the
3The running time of a pseudo-polynomial-time algorithm depends polyno-
mially on the size of input in unary representation, whereas the running time
of a polynomial-time algorithm depends polynomially on the size of input in
binary representation.
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(DMOP) min
(xt)Tt=1
Cost(T ) = G0 −GT
subject to for all t ∈ [1, T ],
Gt = Gt-1 − F (Qt), Gt ≥ 0, (10)
Qt = (1− xevt )P+t + xcst ut − xapt st, (11)
Bt = Bt-1 + ηrtrt + η
e
tut − ηdt st, (12)
B ≤ Bt ≤ B, (13)
rt = min{P−t , B−Bt-1ηrt }, (14)
st = min{xevt P+t + xapt βtP+t , Bt-1−Bηdt }, (15)
ut = min{xcst Ct, B−Bt-1−η
r
trt
ηet
}, (16)
xevt + x
ce
t + x
cs
t + x
ap
t = 1, (17)
xevt , x
ce
t , x
cs
t , x
ap
t ∈ {0, 1} (18)
(CDMOP) min
(xt,rt,st,ut)Tt=1
Cost(T ) = G0 −GT
subject to for all t ∈ [1, T ],
Gt = Gt-1 − F (Qt), Gt ≥ 0, (19)
Qt = (1− xevt )P+t + xcst ut − xapt st, (20)
Bt = Bt-1 + ηrtrt + η
e
tut − ηdt st, (21)
B ≤ Bt ≤ B, (22)
rt ≤ P−t , (23)
xevt P
+
t ≤ st ≤ xevt P+t + xapt βtP+t , (24)
ut ≤ xcst Ct, (25)
rt, st, ut ≥ 0, (26)
xevt + x
ce
t + x
cs
t + x
ap
t = 1, (27)
0 ≤ xevt , xcet , xcst , xapt ≤ 1 (28)
Algorithm 1. DMOP.DP
[
G0, B0]
1: F∗T ←∞
2: for each Bˆ ∈ [B,B] do
3:
(
FT , (xτ )
T
τ=1
)← DP[Bˆ, T, B0]
4: if F∗T > FT then
5: F∗T ← FT
6: (x∗τ )
T
τ=1 ← (xτ )Tτ=1
7: if F∗T ≤ G0 then
8: return
(
F∗T , (x
∗
τ )
T
τ=1
)
9: else
10: return INFEASIBLE
Algorithm 2. DP
[
Bˆ, t, B0
]
1: if t > 2 then
2: costmint ←∞
3: for each B′ ∈ [B, Bˆ] do
4: (Qt, xt)← Solve
[
DMOP[Bˆ, B′, t]
]
5:
(
Ft-1, (xτ )t-1τ=1
)← DP[B′, t− 1, B0]
6: if costmint > F (Qt) + Ft-1 then
7: costmint ← F (Qt) + Ft-1
8: Ft ← F (Qt) + Ft-1
9: x← ((xτ )t-1τ=1, xt)
10: return
(
Ft, (xτ )
t
τ=1
)
11: else
12: return Solve
[
DMOP[Bˆ, B0, 1]
]
Algorithm 3. Online
[
θap, θcs, t, (Pt, η
r
t, η
d
t , η
e
t , Ct, βt)
]
1: xevt ← 0, xcet ← 0, xcst ← 0, xapt ← 0
2: rt ← min{P−t , B−Bt-1ηet }, s˜← min{βtP
+
t ,
Bt-1−B
ηdt
}
3: u˜← min{Ct, B−Bt-1−η
r
trt
ηet
}
4: if EV present and P+t ≤ Bt-1−Bηdt
then
5: xevt ← 1, ut ← 0, st ← P+t . Use EV mode
6: else if AP present and
(F (P+t −s˜)
P
+
t −s˜
≤ θap or not (CS present
and CE present)
)
then
7: xapt ← 1, ut ← 0, st ← s˜ . Use AP mode
8: else if CS present and
(F (P+t +u˜)
P
+
t +η
e
t u˜
≤ θcs or not CE present)
then
9: xcst ← 1, ut ← u˜, st ← 0 . Use CS mode
10: else if CE present then
11: xcet ← 1, ut ← 0, st ← 0 . Use CE mode
12: return
(
xevt , x
ce
t , x
cs
t , x
ap
t , rt, st, ut
)
current time slot tnow (i.e., (σt)t≤tnow ). Given input σ, let
Cost(Alg[σ]) be the cost of algorithm Alg, and Opt(σ) be
the cost of an offline optimal solution (that may rely on an
oracle to obtain all future inputs). In competitive analysis for
online algorithms [13], competitive ratio is a metric defined by
the worst-case ratio between the cost of the online algorithm
Alg and that of an offline optimal solution, namely,
CR(Alg) , max
σ
Cost(Alg[σ])
Opt(σ)
(29)
Algorithm Online selects the drive mode following priority:
EV → AP → CS → CE, based on the respective conditions.
Define normalized cost by the fuel cost over the amount of
used fuel (i.e., F (P
+
t +ut)
P+t +η
e
tut
in CS mode and F (P
+
t −st)
P+t −st
in AP
mode). First, EV mode is selected, if it is present and there
is sufficient SoC. Else, AP mode is selected, if it is present
and the normalized cost is less than threshold θap or CS and
CE modes are not present. Else, CS mode is selected, if it is
present and the normalized cost is less than θcs or CE mode is
not present. Otherwise, CE mode is selected. The basic idea
of Online is to make conservative decision at each time step,
such that the incurred energy consumption is within a certain
bounded range from the offline optimal solution.
Define the per-unit cost by f(Q) , F (Q)Q . Note that
F (·) is strictly increasing convex and f(Q) is an increasing
function. Suppose fmin ≤ f(Q) ≤ fmax for some constants
fmin ≥ f(0) and fmax ≤ f(G). We assume fmin, fmax can
be estimated in advance for a specific trip4. Let ηdmin ,
mint η
d
t , η
e
min , mint ηet , ηemax , maxt ηet . Next, we
determine proper θap and θcs with a good competitive ratio.
Theorem 2: We consider the initial SoC B0 = B and we
require the final SoC to be BT+1 = B. Assuming P−t = 0
for all t, let the thresholds in Algorithm Online be
θcs =
√
fmaxfmin
κηdminη
e
max
and θap = θcsηdminη
e
min, (30)
where κ , max{1, 1
ηemaxη
d
min
}, then the competitive ratio of
Online for solving DMOP is
CR(Online) =
√
κfmaxηemax
fminηdmin
1
ηemin
. (31)
VII. INTEGRATED PATH PLANNING
We consider an integrated optimization problem with both
path planning and drive mode decisions for the PHEV:
4First, set fmin = fmax = f(Q1). Then fmin, fmax are updated to be
the maximum and minimum f(Qt) observed so far at each time t. If T is
relatively large, the estimated fmin, fmax will converge to the true values.
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• There are multiple paths between source and destination.
• There are possible intermediate nodes in each path to
provide fuel refilling or battery charging.
A road network is represented by a connected directed graph
G = (N , E) that connects from the source vs to the destination
vd. For each edge e = (u, v) ∈ E , u may be a stop, such that
the PHEV can receive refilling of fuel at price gu per unit, or
battery charging at most Eu unit at price hu per unit. Let P
be the set of paths connecting vs and vd. We label the edges
in each P ∈ P by (e1, e2, ..., en(P )) and write ei = (ui, vi).
Let T (e) be the number of time slots required for traveling e.
Let Ge,t be the initial fuel tank level at time t, when traveling
e. Let the fuel tank capacity be G.
The path planning problem with drive mode decisions is
formulated as an integer programming problem (PPDM).
(PPDM) min
P∈P,(xe,t)T (e)t=1,e∈P
n(P )∑
i=1
gui(Gei,0 −Gei-1,T (ei-1))
+ hui(Bei,0 −Bei-1,T (ei-1))
subject to for all e ∈ E , t ∈ [1, T (e)]
Ge,0 ≤ G, (32)
Ge,t = Ge,t-1 − F (Qe,t), (33)
Ge,t ≥ 0, (34)
Qe,t = (1− xeve,t)P+e,t + xcse,tue,t − xape,tse,t, (35)
Be,t = Be,t-1 + ηre,tre,t + η
e
e,tue,t − ηde,tse,t, (36)
B ≤ Be,t ≤ B, (37)
Be′,T (e′) −Be,0 ≤ Eu, if (u, v) = e and (v′, u) = e′ (38)
re,t = min{P−e,t, B−Be,t-1ηre,t } (39)
se,t = min{xeve,tP+e,t + xape,tβe,tP+e,t, Be,t-1−Bηde,t } (40)
ue,t = min{xcse,tCe,t, B−Be,t-1−η
r
e,tre,t
ηee,t
} (41)
xeve,t + x
ce
e,t + x
cs
e,t + x
ap
e,t = 1, (42)
xeve,t, x
ce
e,t, x
cs
e,t, x
ap
e,t ∈ {0, 1} (43)
In PPDM, we find the optimal path P ∈ P from vs to vd
and the corresponding drive modes (xe,t)
T (e)
t=1,e∈P , given the
initial fuel level (Ge0,T (e0) = G0) and SoC (Be0,T (e0) = B0).
A. Exact Solution by Dynamic Programming
1) Uniform Cost Case: First, we consider the uniform case
with identical fuel price (gu = 1 and hu = 0 for all u). For a
path P = (e1, ..., en(P )) ∈ P , by Eqn. (33), we obtain
Gei,0−Gei,T (ei) =
T (ei)∑
t=1
F (Qei , t), for i = 2, ..., n(P ) (44)
By Eqn. (32) and Eqn. (34), we obtain
T (ei)∑
t=1
F (Qei , t) ≤ G (45)
Thus, we can rewrite PPDM as follows:
(UPPDM) min
(xe,t)
T (e)
t=1,e∈P ,P∈P
n(P )∑
i=1
T (ei)∑
t=1
F (Qei,t)
subject to Eqns. (45) and (35)-(43)
To solve UPPDM, we construct a weighted directed graph
G˜ = (N˜ , E˜ , w) as follows (see Fig. 2). Let z∗e (B,B′) be the
value of the optimal solution of DMOP for edge e ∈ E , when
the Be,0 = B and Be,T (e) = B′, which can be obtained by
dynamic programming as explained in Sec. V-A. For every
node v ∈ N and every discrete level B in the range [B,B],
we create a node vB ∈ N˜ . If e = (u, v) ∈ E then we have
an edge (uB , vB
′′
) ∈ E˜ with weight w(uB , vB′′) = z∗e (B,B′),
for every5 discrete levels B,B′, B′′ in [B,B] such that
z∗e (B,B
′) ≤ G and B′ ≤ B′′ ≤ B′ + Eu (46)
In addition, we create a source node s ∈ N˜ with edges (s, vBs ),
for each B in the range [B0,min{B0+Evs , B}], having weight
G −G0 and cost gs = 0; and a destination node t ∈ N˜ with
edges (vBd , t) having weight 0, for all B in the range [B,B].
Fig. 2. An illustration of G and G˜, where [B,B] is a set of discrete levels
{B1, ..., Bk}.
Then the optimal solution to UPPDM can be obtained by
finding an (s, t)-shortest path in the graph G˜, with the (non-
negative) weights w(·, ·) interpreted as distances.
2) General Case: Next, we consider the more general case
when the fuel cost per unit gu may not be equal at all nodes
u ∈ N , and with the additional restriction that the PHEV can
make at most ∆ stops between vs and vd to do a fuel refill. We
assume that battery charging (at the stop) is allowed only when
the vehicle stops for fuel refill6.also, we assume that battery
charging at node u costs hu per unit, and the objective is to
minimize the combined fuel cost and battery charging cost.
The basic idea is to adopt the dynamic program for the so-
called Gas Station Problem in [14], and apply it to the graph G˜
constructed above. We define the graph G0 as the subgraph of
G˜ such that Ee = 0 for all e. (That is, in (46), B′′ takes only
one value, namely B′, which corresponds to the case when no
battery charging is allowed at node u.)
As we have discretized the battery level in [B,B], we may
also discretize the gas level in [0, G]. However, following [14],
5Note that, since battery charging at each node is free, it suffices to construct
only one edge corresponding to B′′ = min{B′+Eu, B}; however, defining
the graph in this general form allows to extend the dynamic program for the
case when there is a cost for charging each unit of battery at node u.
6This assumption can be removed, if hu = 0 at all nodes.
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we can already define a discrete set G (vB), as the set of fuel
levels that are sufficient to consider at node vB ∈ N˜ :
G (vB) ,
{
G− w(uB , vB′) | vB′ ∈ N˜ , gu < gv
and w(uB , vB
′
) < G
}
∪ {0} (47)
See Lemma 1 in the Appendix for a justification. Here,
w(uB , vB
′
) is the shortest distance (with respect to the weights
w) between (not necessarily adjacent nodes) uB and vB
′
in the
graph G0 (note that we use G0 as it is assumed that the PHEV
does not make any stop between uB and vB
′
).
Let C[uB , q, g] be the minimum cost of going (in the graph
G˜) from uB to t using q stops (including uB), when the fuel
level at uB is g. Then we can write the recurrence Eqns. (48)-
(49) for C[uB , q, g] for any g ∈ G (uB) and 2 ≤ q ≤ ∆
(see the proof of Theorem 3 for an explanation). A dynamic
programming based algorithm is described in PPDM.DP.
Theorem 3: Algorithm PPDM.DP computes an optimal solu-
tion for PPDM with pseudo-polynomial running time.
B. Approximation Solution by Convex Relaxation
We associate a variable ye ∈ {0, 1} to each edge e ∈ E
indicating whether or not the edge ye is selected in the
optimal path. In addition to Cons. (32)-(43), we add the flow
conservation constraints involving the variables ye. PPDM can
be formulated by an alternate formulation in PPDM-IP.
Similar to CDMOP, PPDM-IP can be convexified as CP-
PDM, by relaxing the integrality constraint Cons. (43), relax-
ing the equality in Cons. (33), relaxing Cons. (39)-(41), and
linearizing the quadratic terms by substituting λ0e = yeGe,0,
λe = yeGe,T (e), µ0e = yeBe,0, µe = yeBe,T (e).
VIII. EVALUATION
We evaluate our system empirically on a Chevrolet Volt
(Model 2013). Validated by real-world data measured on Volt,
we observe that our system can enable significant fuel savings.
A. Vehicle Model Validation and Calibration
We first estimate the efficiency coefficients ηrt , η
d
t , η
e
t based
on the driving profile. We utilize On-board Diagnostics (OBD)
dongle to collect data from Chevrolet Volt (e.g., battery
voltage, battery current, motor voltage, motor current, fuel rate
and vehicle speed), which are used to calibrate the regression
models that compute ηrt , η
d
t , η
e
t , given driving profile as input.
Readers can refer to [19] for the details of extraction OBD
data. Our testing environment is relatively flat, and hence, we
assume the gradient of road αt = 0. Table III presents the
settings of parameters for Chevrolet Volt in the model.
Let the measured power of battery be PBt , which is related
to the load of drivetrain by the following equations:
PB+t = P
+
t η
d
t , P
B−
t = P
−
t η
r
t (69)
We estimate ηrt , η
d
t by the following regression model:
ηr,dt = λ1v
2
t +λ2vt+λ3a
+2
2 +λ4a
+
t λ5a
−2
t +λ6a
−
t +λ7 (70)
where a+t , max{vt − vt-1, 0} and a−t , max{vt-1 − vt, 0}.
Note that if a+t > 0, then a
−
t = 0.
Let the measured power from combustion engine to charge
the battery be uBt = η
e
tut, where η
e
t is estimated by:
ηet = µ1v
2
t + µvt + µ3a
+2
2 + µ4a
+
t µ5a
−2
t + µ6a
−
t + µ7 (71)
We also estimate fuel consumption function F (·) by:
Fˆ (Qt) = γ1Q
2
t + γ2Qt + γ3 (72)
TABLE III
PARAMETERS AND VALUES USED IN THE MODEL (EQN. (1))
Parameters Unit Value Description
v m/s - velocity
a m/s2 - acceleration or deceleration
m kg 1721 car weight
g m/s2 9.81 gravity
ρa kg/m
3 1.226 air density
α ◦ 0 road grade
Af m
2 2.202 car frontal area
kd - 0.28 car drag coefficient
kr - 0.01 rolling resistance coefficient
In Fig. 3, we plot the estimation error, which is the differ-
ence between the accumulative measured energy consumption
and the accumulative estimated energy consumption. We ob-
serve that the estimation error decreases substantially over a
longer distance. This is because that the regression models
are more accurate in capturing the long-term trends. We note
that a more accurate model can be obtained by using more
parameters, such as motor and engine RPM, or engine and
motor efficiency maps. However, the simple yet rather accurate
models we use are sufficient in practical application of drive
mode optimization.
B. Drive Mode Optimization
Using the estimated efficiency coefficients based on driv-
ing profile from the previous section, we compare the fuel
consumption of our route-based and online drive mode op-
timization algorithms in two case studies: (1) series hybrid
(with EV and CS modes) which simulates the Chevrolet Volt
in the experiment, and (2) series/parallel hybrid (with EV, CS
and AP modes) by augmenting an AP mode to the regression
model of Chevrolet Volt and assuming βt = 0.2 in AP mode.
We consider 3-minute time slots.
1) Drive Mode Decisions: We collected the real-world driving
profile on a specific route from an experiment with Chevro-
let Volt in Figs. 4(a)-4(b). We apply three algorithms (i.e.,
Opt using exact solution in Sec. V-A, Apx using approx-
imation solution in Sec. V-B, and Online in Sec. VI) to
the driving profile. The initial SoC is 5 kWh (i.e., half
charged). We observe that Apx has a very similar fuel
consumption with Opt, whereas Online has slightly more
fuel consumption than Opt. We show the drive modes of
each algorithm in Figs. 4(a)-4(b). Opt and Apx give similar
outcomes. Hence, Apx is a fast approximation to Opt.
2) Different Initial SoC: Figs. 4(c)-4(d) show the fuel con-
sumption under different initial SoC in the battery. To com-
pare with the scenario without drive mode optimization,
we consider a benchmark of using CS mode all the time.
All Opt, Apx and Online provide significant fuel savings,
7
C[uB , 1, g] =
 minB≤B′≤min{B+Eu,B}
(
(w(uB
′
, t)− g)gu + hu(B′ −B)
)
, if g ≤ w(uB′ , t) ≤ G
∞, otherwise
(48)
C[uB , q, g] = min
B≤B′≤min{B+Eu,B},vB′′ :
w(uB′ ,vB′′ )≤G

C[vB
′′
, q − 1, 0] + (w(uB′ , vB′′)− g)gu + hu(B′ −B), if gv ≤ gu and g ≤ w(uB′ , vB′′)
C
[
vB
′′
, q − 1, G− w(uB′ , vB′′)
]
+ (G− g)gu + hu(B′ −B), if gv > gu
(49)
Algorithm 4. PPDM.DP
[
G0, B0]
1: Construct graph G˜ = (N˜ , E˜, w) and extract subgraph G0
2: Let B be the discretized range between B and B
3: Find all-pairs shortest-distances {w(uB , vB′ )}
uB,vB
′ in G0
4: for each B ∈ B, v ∈ N do
5: Let G (vB) be as given by Eqn. (47)
6: for each B ∈ B, u ∈ N , q ∈ {1, ...,∆} and g ∈ G (uB) do
7: C[uB , q, g]←∞
. Compute Eqn. (48)
8: for each B ∈ B, u ∈ N , and g ∈ G (uB) do
9: for B′ ∈ B such that B ≤ B′ ≤ min{B + Eu, B} do
10: if g ≤ w(uB′ , t) ≤ G and
11: (w(uB
′
, t)− g)gu + hu(B′ − B) < C[uB , 1, g] then
12: C[uB , 1, g]← (w(uB′ , t)− g)gu + hu(B′ − B)
. Compute Eqn. (49)
13: for each B ∈ B, u ∈ N , q ∈ {1, ...,∆}, and g ∈ G (uB) do
14: for B′ ∈ B such that B ≤ B′ ≤ min{B + Eu, B} do
15: for B′′ ∈ B and v ∈ N such that w(uB′ , vB′′ ) ≤ G do
16: if gv ≤ gu, g ≤ w(uB′ , vB′′ ) and C[vB′′ , q − 1, 0]
17: +(w(uB
′
, vB
′′
)− g)gu + hu(B′ − B) < C[uB , q, g] then
18: C[uB , q, g]← C[vB′′ , q − 1, 0] + (w(uB′ , vB′′ )− g)gu
+hu(B
′ − B)
19: else
20: if gv > gu and C
[
vB
′′
, q − 1, G− w(uB′ , vB′′ )
]
21: +(G− g)gu + hu(B′ − B) < C[uB , q, g] then
22: C[uB , q, g]← C
[
vB
′′
, q − 1, G− w(uB′ , vB′′ )
]
+(G− g)gu + hu(B′ − B)
23: return min1≤q≤∆ C[s, q, 0]
(PPDM-IP)
min
(xe,t,ye)
T (e)
t=1,e∈E
∑
u∈N
gu
( ∑
e=(u,v)
yeGe,0 −
∑
e=(v,u)
yeGe,T (e)
)
+ hu
( ∑
e=(u,v)
yeBe,0 −
∑
e=(v,u)
yeBe,T (e)
)
subject to Eqns. (45), (35)-(43) and for all e ∈ E , t ∈ [1, T (e)]∑
e=(u,v)
ye −
∑
e=(v,u)
ye =
 1 if u = s−1 if u = t
0 otherwise
(50)
∑
e=(u,v)
yeBe,0 −
∑
e=(v,u)
yeBe,T (e) ≤ Eu (51)
ye ∈ {0, 1} for all e ∈ E (52)
(CPPDM)
min
(xe,t,ye,λ0e,λe,µ
0
e,λe)
T (e)
t=1,e∈E
∑
u∈N
gu
( ∑
e=(u,v)
λ0e −
∑
e=(v,u)
λe
)
+ hu
( ∑
e=(u,v)
µ0e −
∑
e=(v,u)
µe
)
subject to Eqns. (35)-(37) and for all e ∈ E , u ∈ N , t ∈ [1, T (e)]
Ge,t ≤ Ge,t-1 − F (µe,t), (53)∑
e=(u,v)
µ0e −
∑
e=(v,u)
µe ≤ Eu (54)
re,t ≤ P−e,t, (55)
xeve,tP
+
e,t ≤ se,t ≤ xeve,tP+e,t + xape,tβe,tP+e,t, (56)
ue,t ≤ xcse,tCe,t, (57)
xeve,t + x
ce
e,t + x
cs
e,t + x
ap
e,t = 1, (58)
xeve,t, x
ce
e,t, x
cs
e,t, x
ap
e,t ∈ [0, 1] (59)
0 ≤ λ0e ≤ Gye (60)
Ge,0 −G(1− ye) ≤ λ0e ≤ Ge,0 (61)
0 ≤ λe ≤ Gye (62)
Ge,T (e) −G(1− ye) ≤ λ0e ≤ Ge,T (e) (63)
Bye ≤ µ0e ≤ Bye (64)
Be,0 −B(1− ye) ≤ µ0e ≤ Be,0 −B(1− ye) (65)
Bye ≤ µe ≤ Bye (66)
Be,T (e) −B(1− ye) ≤ µe ≤ Be,T (e) −B(1− ye) (67)
ye ∈ [0, 1] (68)
even in the presence of low initial SoC. Remarkably,
without complete route information, Online can achieve
considerable fuel savings, comparable to Opt. Figs. 4(c)-
4(d) also show the ratio of each drive mode. The more time
using EV or AP, the more fuel savings can achieve.
The algorithm is implemented in Matlab with 2.6 GHz Core i5,
8 GB RAM computer. The average running times of DMOP
are less than 10 seconds, while the average running times of
UPPDM are around 100 seconds.
C. Integrated Path Planning
Next, we evaluate our solutions on integrated path planning
with drive mode optimization in two case studies: (1) series
hybrid (with EV and CS modes), and (2) series/parallel hybrid
(with EV, CS and AP modes). We collected driving profiles
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Fig. 3. Comparisons of the estimated values using regression models with the actual measurements.
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Fig. 5. Road network and the evaluation results for integrated path planning.
in a real-world road network, depicted in Fig. 5(a) with four
major stops, and the respective average speed and length of
each route. Route(1) is a highway, whereas Routes(1)-(5) are
regional roads. Node A is the source, and node B is the
destination.
We apply two algorithms (i.e., Opt using exact solution
in Sec. VII-A and Apx using approximation solution in
Sec. VII-B) to the driving profiles on the road network.
Figs. 5(b)-5(c) show the fuel consumption, drive mode ratio,
route selections of each algorithm under different initial SoC
in the battery. To compare with the scenario without path
planning, we consider a benchmark of using CS mode all the
time on the shortest route (i.e., Route(2)).
We observe that different optimal paths will be selected as a
result of different initial SoC. For higher initial SoC (i.e., the
battery is initially higher than half-full), Route(2) is the most
energy-efficient, because there are more stop-and-go events
for EV mode. For case study of series hybrid, Opt selects a
different path when initial SoC is low, since it is most energy-
efficient to take the highway (i.e., Route(1)) which can use
CS mode to charge the battery for running EV mode later on
Route(3) in the city.
The case study of series/parallel hybrid is similar to that
of series hybrid. When initial SoC is low, the PHEV will
select Route(1) to charge the battery and switch to EV mode
on Route(3). We observe that series/parallel hybrid is more
fuel-efficient than series hybrid on the same route. Also,
series/parallel hybrid tends to use AP mode more frequently
than CS mode on Route(2). Generally, the ratio of EV mode
increase with higher initial SoC, because the PHEV requires
less engine usage (e.g., AP mode or CS mode).
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IX. DISCUSSION AND CONCLUSION
This paper investigated a driver-centric approach that en-
ables the drivers to select the appropriate drive modes for
minimizing fuel consumption. Optimization algorithms are
presented to optimize drive mode decisions based on trip
information, and integrated with path planning to consider
intermediate filling and charging stations. An online compet-
itive algorithm is provided that requires minimal a-priori trip
information. We implement our system and evaluate the results
empirically on a Chevrolet Volt. We observe that our system
can enable significant fuel savings.
We also address several practical issues of our approach.
• Safety: The drivers are supposed to switch their drive
modes as informed by our system. Although this may
present a distraction, our system can be adapted to only
allowing to make drive mode decisions when the vehicle
is stopped or moving at a safe speed. Also, we can
increase the interval of time slots in the optimization
problems to make less frequent drive mode decisions.
• ECO Mode: ECO suppresses the vehicle performance,
which is different from our approach that allows the
vehicle to retain the desirable performance by optimizing
drive modes accordingly. In certain PHEVs, ECO mode
and other drive modes can be enabled simultaneously.
• Weather and Traffic: Our system assumes mild weather
and traffic conditions. We can extend our system to
incorporate extra parameters to capture the impacts of
weather in the vehicle model. Also, the vehicle speed
can already reflect the expected traffic condition.
Recently, path planning problem is extended to aerial electric
vehicles [20].
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APPENDIX
Theorem 1: Algorithm DMOP.DP provides an optimal solu-
tion for DMOP with pseudo-polynomial running time.
Proof: The basic idea of DMOP.DP is to enumerate every
sub-problem (DMOP[Bt-1, Bt, t]) at each t for all possible
(Bt-1, Bt). All the steps in DMOP.DP are evidently polynomial
except those enumerating over the range of Bt. Assume
B, B, B0, βt, ηrt , η
d
t , η
e
t , Ct, P
+
t and P
−
t are given as
rational number numerator at most M ∈ Z+ and common
denominator N ∈ Z+. Then, Eqns. (12)-(16) imply Bt ∈{
M ′
N2 |M ′ ∈ {0, 1 . . . , TM2}
}
, which completes the proof.
Theorem 2: We consider the initial SoC B0 = B and
we require the final SoC to be BT+1 = B. Assuming
P−t = 0 for all t, let the thresholds in Algorithm Online
be θcs =
√
fmaxfmin
κηdminη
e
max
and θap = θcsηdminη
e
min, where κ ,
max{1, 1
ηemaxη
d
min
}, then CR(Online) =
√
κfmaxηemax
fminηdmin
1
ηemin
.
Proof: We consider the sequence (P+t )
T
t=1, such that each
P+t is satisfied by the respective drive mode. Since the initial
SoC B0 = B, P+t at any time t must be satisfied by running
CS mode before or at t. Also, since we require that the final
SoC to be BT+1 = B, always charging the battery up to B
in Online will not incur unnecessary charging at the final T .
In Online, the drive mode is selected according to priority:
EV → AP → CS → CE, when the respective condition is
met. For each P+t , let Cost[Online, P
+
t ] and Cost[Opt, P
+
t ]
be the incurred cost by Online and offline optimal solution
Opt. Each P+t can be satisfied by four cases in Online:
(C1) Running EV mode at time t: The battery has been
charged by combustion engine in CS mode at some time
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slot before t by Online, which incurs a cost for P+t
at most θcsηdt η
e
maxP
+
t . But Opt incurs a cost at least
min{fminηdt ηeminP+t , fminP+t } (by running EV mode or
AP mode at time t). The ratio of the cost of Online over
Opt is upper bounded by
Cost[Online,P+t ]
Cost[Opt,P+t ]
≤ θcsηemax
fmin min{ηemin, 1ηdmax }
(73)
(C2) Running AP mode at time t: We consider the part powered
by combustion engine (i.e., s˜). The incurred cost is at
most θaps˜. But Opt incurs a cost at least fminηdt η
e
mins˜
(by running CS mode before t). The ratio of the cost of
Online over Opt is upper bounded by
Cost[Online,P+t ]
Cost[Opt,P+t ]
≤ θap
fminηdminη
e
min
(74)
Note that the part powered by electric motor (i.e., P+t −s˜)
can be addressed by (C1).
(C3) Running CS mode at time t: This implies that the battery
has not been charged sufficiently by combustion engine
in CS mode before t by Online. Otherwise, Online
would run EV mode at t. The incurred cost for P+t
of Online at t is at most fmaxP+t . But Opt may run
EV mode at t by charging the battery sufficiently by
combustion engine in CS mode before t with a cost
at least θcsηdt η
e
minP
+
t . Otherwise, Online would also
charge the battery sufficiently before t. Or Opt may
run AP mode at t, which incurs a cost at least θapP+t .
Otherwise, Online would also run AP mode at time
t. The ratio of the cost of Online over Opt is upper
bounded by
Cost[Online,P+t ]
Cost[Opt,P+t ]
≤ fmax
min{θcsηdminηemin,θap}
(75)
(C4) Running CE mode at time t: This case can be reduced
to (C1), because the cost of running CE mode is higher
than AP mode, and F (·) is convex.
Thus, the competitive ratio of Online is upper bounded by
CR(Online) = maxσ
∑T
t=1 Cost[Online,P
+
t ]∑T
t=1 Cost[Opt,P
+
t ]
(76)
≤maxσ,t Cost[Online,P
+
t ]
Cost[Opt,P+t ]
(77)
≤max
{
θap
fminηdminη
e
min
,
θcsηemax
fmin min{ηemin, 1ηdmax }
, fmax
min{θcsηdminηemin,θap}
}
An adversary will select the worst among the three cases. We
set θap = θcsηdminη
e
min. Then
θap
fminηdminη
e
min
≤ θcsηemaxfminηemin (78)
In order to minimize the competitive ratio, we set
θcsηemax
fmin min{ηemin, 1ηdmax }
= fmax
θcsηdminη
e
min
(79)
Let κ , max{1, 1
ηemaxη
d
min
}. We obtain
θcsκηemax
fminηemin
= fmax
θcsηdminη
e
min
⇒ θcs =
√
fmaxfmin
κηdminη
e
max
(80)
Therefore, we obtain the competitive ratio as
CR(Online) =
√
κfmaxηemax
fminηdmin
1
ηemin
(81)
Theorem 3: Algorithm PPDM.DP computes an optimal solu-
tion for PPDM with pseudo-polynomial running time.
Proof: All the steps in PPDM.DP are evidently polynomial
except that the dynamic program has to enumerate over the
range of Bt. By the same argument in the proof of Theorem 1,
this range is polynomial in the unary size of the input, and
hence PPDM.DP is pseudo-polynomial.
To see that PPDM.DP is correct, we use the following
extension of Lemma 2.1 in [14]:
Lemma 1: In an optimal path (in G˜), if uB and vB′ are
two consecutive nodes at which the vehicle stops for a fuel-
refill, then the fuel level upon reaching vB
′
must be either 0,
if gv ≤ gu, or G− w(uB , vB′), if gv > gu.
Proof: If the conclusion of the lemma does not hold then
the overall fuel cost can be reduced by an exchange argument.
Indeed, if gv ≤ gu but the fuel level upon reaching vB′ is
strictly positive then reducing the fuel level at u by a (tiny)
 > 0 and increasing it at v by the same  (while keeping the
SoC the same) does not increase the overall cost and keeps
the solution feasible. It follows that it is optimal to fill at u
just enough to reach v. Similarly, if gv > gu and the fuel level
at u is less than G then, since there is assumed to be a refill at
v, reducing the amount of refill at v by  > 0 and increasing
it at u by the same  decreases the overall cost and keeps the
solution feasible, which is contradiction ot the optimality of
the initial solution.
The above lemma justifies the definition of the set G (vB)
in Eqn. (47). To see Eqn. (48), note that if the vehicle has to
reach t form u in one hop, when the fuel level at u is g and the
SoC is B, then it has the option of recharging the battery up to
B′ ∈ [B,min{B+Eu, B}], for a cost of hu(B′−B) and refill
the tank just enough to reach t, for a cost of (w(uB′ , t)−g)gu.
Note that we use w(uB′ , t) which is the distance between uB′
and t in G0, and hence without any further stops for recharging;
also w(uB′ , t) ≤ G must hold, otherwise, it is impossible to
drive from uB′ to t without refilling.
To see Eqn. (49), note that if the vehicle has to reach t form
u in q hops, when the fuel level at u is g and the SoC is B,
then according to Lemma 1, it has the following options: (1)
recharge the battery up to B′ ∈ [B,min{B + Eu, B}], for a
cost of hu(B′−B), and refill the tank just enough to reach the
next stop v at an SoC B′′, for a fuel cost of (w(uB
′
, vB
′′
) −
g)gu; in this case we must have gv ≤ gu by Lemma 1, or (2)
recharge the battery upto B′ ∈ [B,min{B + Eu, B}], for a
cost of hu(B′ − B), and fill up the tank, then reach the next
stop v, at SoC B′′ and fuel level G−w(uB′ , vB′′), for a fuel
cost of (G− g)gu; in this case we must have gv > gu. In both
cases, the vehicle has to go from vB
′′
to t in q − 1 hops.
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